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Abstract

Heat transfer by natural convection and surface condensation in two-dimensional enclosures in contact with a cold external ambient through
a wall of finite thickness was studied numerically. Special attention was given on the modeling of the flow of a binary mixture consisting of
humid air. Low-Mach number assumption was introduced in order to account for decreases in mixture mass and average pressure within the
enclosure between the initial and steady states. The computations show that thermodynamic balances are satisfied within the accuracy of the
numerical procedure. The heat and fluid flows with and without condensation are compared for various operating conditions. It is shown that
vapor condensation increases the heat transfer rate at the cold wall at the early stage of the transient regime. The decrease in the average density
of the mixture leads to significant variable’s reductions at steady-state which, in turn, causes lower overall heat transfer rate than for dry air.
© 2008 Elsevier Masson SAS. All rights reserved.
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1. Introduction

Combined buoyancy forces of heat and mass transfer result-
ing from temperature and concentration gradients were shown
to have large influences on heat transfer of fluid mixtures in
many engineering systems, drying processes and building tech-
nology, for example. Natural convection of binary mixtures en-
closed in a cavity was widely studied. Comprehensive reviews
can be found, for example, in Weaver and Viskanta [1,2] or in
the textbooks by Gebhart et al. [3] and Bejan [4]. However,
most of the natural convection works due to combined thermal
and mass driving buoyancy forces considered uniform temper-
ature and concentration field at the walls, or heat flux boundary
conditions (Dirichlet or Neumann formulations) and, no-slip
velocity conditions. The Boussinesq approximation was largely
used in conjunction with various non-dimensionalizations of
the conservation equations. In a number of studies published
in the current literature, the authors focused on the influences
of flow parameters such as the mass and thermal Grashof num-
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bers, Prandtl and Schmidt (or Lewis) numbers. Many numerical
works which addressed cavity problems were on different com-
bination of the driving forces (aiding or opposing according to
the sign of the buoyancy parameter) and orientation of the en-
closure with respect to the gravity vector. Unfortunately, many
cases solved numerically are fully unrealistic because fluids and
enclosures corresponding to these dimensionless parameters do
not yet exist. For example, crystal growth by chemical vapor
deposition and vapor deposition of thin films stand largely out
of the domain of validity of the assumptions introduced in many
of the flow models used.

In a large variety of applications, a condensable species A is
the component of a binary mixture with the carrier gas B not
soluble in A. This is the case of humid air which can be con-
sidered as an ideal gas mixture of dry air and water vapor. In
this study, we considered condensation of water vapor in a cav-
ity through investigations of cases for which experiments could
be easily conducted. In order to restrict the numerical predic-
tions to the laminar flow regime (available turbulence models
still introduce non-well based constants or numerical incertain-
ties for thermosolutal cavity flows), the size of the cavity must
be quite small. Significant condensation effects on the surfaces
occur indeed with rather large temperature differences and/or
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Nomenclature

a thermal diffusivity . . . . . . . . . . . . . . . . . . . . . . m2 s−1

A enclosure aspect ratio, = H/D

Cp specific heat . . . . . . . . . . . . . . . . . . . . . . . . J K−1 kg−1

D cavity width . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . m
Dv,m binary mass diffusion coefficient . . . . . . . . m2 s−1

e thickness of the bounding wall . . . . . . . . . . . . . . . m
g gravitational acceleration . . . . . . . . . . . . . . . . . m s−2

h enthalpy . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . J kg−1

h mixture enthalpy . . . . . . . . . . . . . . . . . . . . . . . . J kg−1

hlv latent heat . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . J kg−1

hcv convective heat transfer coefficient . . . W m−2 K−1

H cavity height . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . m

I unit tensor
k thermal conductivity . . . . . . . . . . . . . . . W m−1 K−1

mcond mass of water vapor condensed per unit
length . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . kg m−1

ṁcond mass flow rate of water vapor condensed per unit
length . . . . . . . . . . . . . . . . . . . . . . . . . . . . . kg s−1 m−1

M molecular weight
N buoyancy parameter, N = RaM/RaT

Nu average Nusselt number based on cavity width
p pressure . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . Pa
pvs saturation pressure of vapor . . . . . . . . . . . . . . . . . . Pa
Pr mixture Prandtl number, = νm/am

qw cold wall heat flux density. . . . . . . . . . . . . . . W m−2

R universal gas constant, = 8.315 kJ kmol−1 K−1

RaM effective solutal Rayleigh number, RaM =
ρmgβM(Wh − Wc)D

3/μmam

RaT effective thermal Rayleigh number, RaT =
ρmgβT (T h − T c)D

3/μmam

t time . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . s
T temperature . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . K

−→
V = (u, v) velocity vector . . . . . . . . . . . . . . . . . . . . . . . m s−1

W mass fraction
(x, y) coordinates . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . m

Greek symbols

βM solutal coefficient of volumetric expansion
βT thermal coefficient of volumetric expansion K−1

�T temperature difference, = (Th − T∞) or
(T0 − T∞) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . K

μm dynamic viscosity of humid air . . . . . . . N m−1 s−1

φ relative humidity . . . . . . . . . . . . . . . . . . . . . . . . . . . . %
Ψ streamfunction
ρ density . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . kg m−3

τ viscous stress tensor
ξ stretching parameter

Subscripts

a dry air
cond condensation
dp dew point
h hot wall
m mixture
0 initial condition
s solid wall
S solutal
T thermal
v vapor
w, i interfacial quantity
∞ ambient fluid

Superscript

− average quantity
large mass fraction differences within the cavity since the Lewis
number of water vapor is close to unity.

Considerable research was conducted during the last decades
on buoyancy-induced heat and mass transfer over flat surfaces
of different slopes for both transient and steady flows. How-
ever, in the majority of these studies, as underlined by Rahman
and Lampinen [5], the normal interface velocity component due
to the concentration gradient at the surfaces was neglected. The
importance of the interface velocity was considered in the study
of Chang and Lin [6] for thermosolutal convection from a ver-
tical plate and by Lin et al. [7] for vaporization of a thin liquid
water film on a vertical tube wall in laminar mixed convec-
tion flows. Yan et al. [8] examined vaporization or condensation
of water vapor in the case of mixed convection flows between
parallel plates for various heating conditions, and a particular
attention was paid to the investigation of the transport of latent
heat. More recently, Lee et al. [9] investigated mixed convec-
tion in vertical rectangular ducts and Desrayaud and Lauriat
[10] considered laminar natural convection of humid air in a
vertical channel with cold, isothermal wetted walls. Since an
elliptical, but incompressible, formulation was retained in this
last study, it was possible to investigate the change in the flow
from the developing regime to the single-plate regime.

Thermosolutal convection associated with evaporation of
thin liquid water liquid films wetting the flat porous surfaces of
a vertical channel was investigated by Yan et al. [11] by using
an axially parabolic formulation in conjunction with the Boussi-
nesq approximation. In this study, care was taken to satisfy the
overall mass balance at every axial location. This constraint was
used in the solution process to correctly guess the axial pressure
gradient in the flow. The problem formulation was thus well-
based. A similar porous-wall approach was used in Weaver and
Viskanta [1,2] but for a much more complex cavity flow prob-
lem in which interdiffusion of species, variable thermophysical
properties, Soret and Dufour effects were accounted for [2].
A rectangular enclosure in which a mass flux occurs at a hot ver-
tical wall due to sublimation of a solid or evaporation of a liquid
and condensation at the opposite cold wall was considered. The
assumption of a binary mixture of ideal gases was invoked and
normal velocities at the vertical walls were determined by a
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Fig. 1. Schematic diagram of the enclosure.

mass balance as in Yan et al. [11]. Since mass conservation
within the cavity was assumed, the condensable species were
introduced into and removed from the cavity at the hot and cold
walls, respectively. An experimental set-up was built to check
the numerical predictions (Weaver and Viskanta [12]). How-
ever, the comparisons showed only fair agreement for aiding
flows and poor agreement for opposing flows. These discrep-
ancies were attributed to the unsteady behaviors of the flows,
not accounted for in the mathematical model. From our point
of view, the large difficulties encountered in experimental set-
up for controlling mass conservation and incompressible flow
assumption could also explain such discrepancies.

We decided thus to follow a different procedure to model
condensation processes in a closed cavity. Transient computa-
tions were first carried out between two equilibrium states, for
which basic thermodynamic relationships were applied through
hand calculations. To our best knowledge, the present study
is the first using a transient, low-Mach number compressible
formulation to model simultaneous heat and mass transfer by
natural convection in cavities filled with humid air. However,
it should be noted that condensation of water vapor in highly
forced flow conditions around airfoil geometries were exam-
ined recently by Rusak and Lee [13], and by Karabelas and
Markatos [14]. Compressible flow formulation, mixture two-
phase model or nucleation and droplet growth models were
used in these studies. As will be shown in the Result section, the
non-Boussinesq, variable-properties, low-Mach-number com-
pressible formulation appears to be the best approach for mod-
eling significant mass transfer effects in humid air at constant
volume.

2. Mathematical formulation

Consider a rectangular enclosure of width D and height H

as shown in Fig. 1. One of the vertical wall is maintained at
uniform hot temperature Th and the opposite wall of finite thick-
ness e and thermal conductivity ks is in contact with a cold am-
bient at T∞ with a uniform surface heat transfer coefficient hcv .
The two horizontal walls are adiabatic and impermeable. It is
first assumed that the liquid films on the inside surfaces are
extremely thin so that they can be treated as a boundary con-
dition for heat and mass transfer as in Lin et al. [7] and in [10].
On account of the thermodynamic conditions considered in the
present study, this assumption appears to be fully realistic since
the volume of water condensed per surface unit is very small.
However, even for a small amount of water vapor condensed,
the incompressible assumption is not valid within a closed sys-
tem. Therefore, a numerical procedure based on a finite volume
method could not converge properly in the framework of this
assumption since the global mass conservation of the mixture
is not satisfied. Dufour and Soret effects are assumed negligi-
bly small and there is no fog formation inside the cavity [15].
There are no chemical reactions, heat dissipation or heat gener-
ation, and the radiative heat transfer in the cavity is neglected.
The flow is assumed two-dimensional and laminar. The conti-
nuity equation reads:

∂ρm

∂t
+ ∇.(ρm

−→
V ) = 0 (1)

The momentum equation is written as

∂(ρm
−→
V )

∂t
+ ∇.(ρm

−→
V ⊗ −→

V ) = −∇p′ + ∇.τ + ρm
−→g (2)

where p′ is the fluctuating part of the static pressure decom-
posed as in [16]

p = P(t) + p′ (3)

P is the average pressure (or thermodynamic pressure) such
that P � p′. The viscous stress tensor τ for a Newtonian fluid
mixture is:

τ = μm

[
∇−→

V + (∇−→
V )T − 2

3
(∇.

−→
V )I

]
(4)

For a binary mixture of ideal gases, the energy equation written
in terms of enthalpy only is

∂(ρmh)

∂t
+ ∇.(ρm

−→
V h)

= ∇.

(
km

Cp

∇h

)
+ ∇.

(
ρm(hv − ha)Dv,m∇Wv

) + dP

dt
(5)

where h is the total enthalpy of the mixture, ρmh = ρvhv +
ρaha , and dh = Cp dT . The second term of the right-hand side
of the energy equation represents the contribution on the energy
flux due to interdiffusion of species with air and water vapor
having different enthalpies. The pressure term is for an ideal gas
mixture and the assumption of negligible pressure fluctuations
is invoked [17].

The mass species equation for the water vapor is

∂(ρmWv)

∂t
+ ∇.(ρm

−→
V Wv) = ∇.(ρmDv,m∇Wv) (6)

It should be mentioned that in the above equations all the ther-
mophysical properties depend on the mixture temperature and
concentration of each component. Since we are considering a
perfect gas mixture, the dynamic viscosity, thermal conductiv-
ity and coefficient of thermal expansion of each component do
not depend on pressure according to the kinetic theory. The
variations of the thermophysical properties of dry air and pure
water vapor with temperature as well as the mixture properties
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are calculated by the formulae given by Fujii et al. [18] (see also
Lin et al. [7]).

The system of conservation equations is thus completed by
the ideal gas law used for the calculations of the mixture density
field:

P = ρmRT

(
Wv

Mv

+ Wa

Ma

)
(7)

It is worth noting that the flow quantities in Eq. (7) vary with
time. The pressure decomposition (Eq. (3)) requires the intro-
duction of an additional equation to recover the average pres-
sure. It can be done by writing an overall mass balance equation
which takes into account the mass of water vapor condensed at
the walls (i.e. the mass of the mixture flowing out of the domain
of computation). From the equation of state, it can be readily
shown that∫
V

ρm

P

dP

dt
dV =

∫
V

∂ρm

∂t
dV +

∫
V

ρm

T

∂T

∂t
dV (8)

where the first term of the RHS stands for the loss of mixture
mass denoted in what follows as ṁcond. Therefore Eq. (8) can
be expressed as

ρmV

P

dP

dt
= ṁcond(t) +

∫
V

ρm

T

∂T

∂t
dV (9)

In the vertical, cold bounding wall, the heat equation reads

∂Ts

∂t
= as∇2Ts (10)

2.1. Boundary conditions

For the parts of the bounding walls which are at a tempera-
ture lower than the dew-point temperature, vapor condensation
rate produces a normal velocity of vapor which is calculated
from the expression of the interfacial mass flux given by Fick’s
law. The following expression of the normal velocity compo-
nent at liquid-mixture interface along wall i assumes that the
solubility of air in water is negligibly small and that the liquid
film is stationary:⎧⎪⎨
⎪⎩

−→
V .

−→
t i = 0,

−→
V .−→n i = − Dv,m

(1 − Wv,i)

∂Wv

∂ni

if pv(Tw,i) � pvs(Tw,i)−→
V = 0 otherwise

(11)

where −→
t i denotes the tangent vector along the interface, ∂/∂ni

the gradient in the direction of the outward normal −→n i to the
interface and, pvs(Tw,i) the saturation pressure at Tw,i . By as-
suming that the humid air–liquid water film interface is in ther-
modynamic equilibrium, the interfacial mass fraction of water
vapor is related to the partial pressure of the water vapor at sat-
uration condition through the equation

Wv,i = Mvpv(Tw,i)

[Mvpv(Tw,i) + Ma(p − pv(Tw,i))] (12)

where pv(Tw,i) is the partial pressure of water vapor at the
wall temperature. When accounting for sensible heat transfer,
species interdiffusion flux and latent heat transfer due to the
rate of mass transfer, the total heat fluxes at the cold and adia-
batic walls are:⎧⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎩

qw = −km

∂Tm

∂ni

− (hv − ha)ρmDv,m

∂Wv

∂ni

+ ρmDv,mhlv

(1 − Wv,i)

∂Wv

∂ni

if pv(Tw,i) � pvs(Tw,i)

qw = −km

∂Tm

∂ni

otherwise

(13)

where qw = −ks∂Ts/∂x|
D

at the inner bounding wall surface
and qw = 0 along the horizontal adiabatic walls, at which the
diffusive energy heat flux is counterbalanced by the energy flux
due to species interdiffusion and latent heat flux.

At the hot wall

T = Th at x = 0,∀y (14)

Along the surface of the bounding wall surface in contact with
the cold ambient at T∞

−ks

∂Ts

∂x
= hcv(Ts − T∞) at x = D + e,∀y (15)

where hcv is the surface heat transfer coefficient assumed to be
uniform along the wall.

The transport equation for water vapor is subjected to the
following boundary conditions⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

Wv = Mvpv(Tw,i)

[Mvpv(Tw,i) + Ma(p − pv(Tw,i))]
if pv(Tw,i) � pvs(Tw,i)

∂Wv

∂ni

= 0 otherwise

(16)

2.2. Mass and heat flux balances

As already mentioned, the total mass of the mixture de-
creases with time until steady state. The mass difference be-
tween times t1 and t2 equals the mass of water condensed along
the parts of the walls where the temperature is below the dew-
point temperature. The mass balance can be written as∫
v

ρm(x, y, t2)dv −
∫
v

ρm(x, y, t1)dv

= −
∑

i

t2∫
t1

∫
Si

ρmDv,m

(1 − Wv,i)

∂Wv

∂ni

∣∣∣∣
w

dSi dt (17)

In the transient regime, the following heat flux balance must be
achieved

−
H∫

0

ks

∂Ts(x, y, t)

∂x

∣∣∣∣
x=D

dy

= −
H∫

km

∂Tm(x, y, t)

∂x

∣∣∣∣
x=D

dy
0
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−
H∫

0

(hv − ha)ρmDv,m

∂Wv(x, y, t)

∂x

∣∣∣∣
x=D

dy

+
H∫

0

hlv

ρmDv,m

(1 − Wv,i)

∂Wv(x, y, t)

∂x

∣∣∣∣
x=D

dy (18)

For water–vapor condensation and in the framework of the
present study, the second term of the RHS is obviously very
small. The main interest here is in the relative importance of
the sensible and latent heat fluxes.

It should be noted that condensation does not occur at steady
state since the water vapor is then in thermodynamic equilib-
rium with the wet surfaces. Therefore the above heat flux bal-
ance becomes at steady state (∂Wv/∂ni = 0):

hcv

H∫
0

(
Ts(D + e, y) − T∞

)
dy = −

H∫
0

km

∂Tm(x, y)

∂x

∣∣∣∣
x=D

dy

(19)

3. Solution method

Calculations were carried-out using the control volume
code Fluent 6.2 (Fluent Inc. [19]). Results of the simula-
tions were collected and processed employing in-house soft-
ware. A second-order upwind scheme was used for the advec-
tive and transport terms. The velocity-pressure coupling was
solved with the PISO algorithm and the pressure was calcu-
lated with a body-force weighted scheme (Fluent 6.2 User’s
Guide, n.d.). The governing equations were solved sequentially
with a decoupled implicit scheme. The transient calculations
were achieved using an iterative time advancement scheme. The
time step was chosen such that the Courant–Friedrichs–Lewy
(CFL) condition was satisfied for all of the cases (CFL � 1)
[20]. Since imposition of the above boundary conditions is not
available, the mass and heat fluxes at the boundaries were re-
trieved through extensive use of user-defined functions (UDFs)
called at each time step. Source terms were introduced only in
the cells adjacent to the walls in the mass (mixture and species)
and energy conservation equations to account for the loss of
mass within the cavity and increase of the heat flux due to con-
densation of water vapor at the walls. The source term put in
the mass conservation equations was⎧⎪⎪⎨
⎪⎪⎩

Sm = ṁv × AG

VG

= − ρmDv,m

(1 − Wv,i)

∂Wv

∂ni

× AG

VG

if pv(Tw,i) � pvs(Tw,i)

Sm = 0 otherwise

(20)

where AG and VG are the surface and volume of the cell where
the source term is introduced. Similarly, a source term Sv = Sm

was added in the mass conservation equation for water vapor.
A source term Sh = ṁvhlv was also introduced in the energy
equation to model the latent heat flux at the walls.

The solution procedure is outlined below:

(1) Specify uniform initial conditions.
(2) Calculations of the mixture thermophysical properties.
(3) Calculations of the source terms.
(4) Integrate sequentially the system of governing equations.
(5) Check of the overall conservation of mass.
(6) Steps (2)–(4) are applied successively until steady state is

reached.

The calculation domain was mapped with rectangular struc-
tured grids refined close to the walls. Validations of the source
term strategy and non-Boussinesq model available in the com-
puter code were carried out by considering three test cases.
A comparison with a recently published benchmark study [17,
21] was first conducted. We investigated then the transient evo-
lutions of mixtures enclosed within two kind of square cavities,
initially at uniform temperature and mass fraction, which are
suddenly cooled at a temperature level below the dew-point
temperature.

In the comparison case, large temperature difference was
applied between the vertical isothermal walls of a square, differ-
entially heated cavity initially filled with dry air at atmospheric
pressure and at temperature T0 = 600 K equal to the average
(Tc + Th)/2. The specific heat at constant pressure and Prandtl
number were assumed constant (Pr0 = 0.71) for the temper-
ature differences considered while the dynamic viscosity and
thermal conductivity were allowed to vary according to Suther-
land’s law [17]. In the present paper, comparisons with the
benchmark data [21] are shown for the large temperature dif-
ference �T = 1.2T0 and for two Rayleigh numbers based on
thermophysical properties at T0, Ra0 = 106 and 107, respec-
tively. Two non-uniform meshes of 100 × 100 and 200 × 200
were used for the computations.

The compressible results do not exhibit the centrosymmetry
property associated with the Boussinesq approximation: hori-
zontal velocities along the top adiabatic wall are higher than
those along the bottom wall and, the thermal boundary layer
thickness along the cold wall is thinner than that along the hot
wall. Results obtained for constant as well as for temperature-
dependent viscosity show that the changes in maximum vertical
velocity components along the cold and hot walls agree with
the increase in dynamic viscosity of a perfect gas with temper-
ature. It should be noted that the decrease in thermodynamic
pressure is about 15% when assuming constant viscosity and
thermal conductivity and only 8% for variable properties. Such
small pressure reductions may be explained by the choice of the
initial conditions suggested in the benchmark problem for low
Mach number solvers [17]. The data reported in Table 1 show
that the maximum differences between the present results for
the 200 × 200 mesh and the most accurate solution provided
in [21] for the average Nusselt number is within 0.15% for the
two Rayleigh numbers considered.

Steady-state solutions for natural convection in a differen-
tially heated cavity do not depend on the initial conditions
when the Boussinesq approximation with constant thermophys-
ical properties is invoked. On the other hand, the fluid prop-
erties, especially the density, are temperature dependent for a
given initial thermodynamic pressure. We thus reconsidered
the above comparison exercise by using a much lower tem-
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Table 1
Comparisons with benchmark solutions [21] for a differentially heated square cavity with Ra0 = 106, Ra0 = 107 and �T = 1.2T0 for variable thermal properties
(y∗ = y/H , x∗ = x/D, min, max: minimal and maximal values, P0 = 101325 Pa)

Ra 106 106 [21] 107 107 [21]

Mesh 100 × 100 200 × 200 2048 × 2048 100 × 100 200 × 200 2048 × 2048

ξ 1.05 1.05 1.05 1.05
�t(s) 0.01 0.005 0.01 0.005
Nuh 8.6839 8.6998 8.6866 16.2975 16.2589 16.2410
Nuc 8.6839 8.6998 8.6866 16.2975 16.2589 16.2410
Nu(0,0.5) 7.6746 7.5606 7.4593 13.5937 13.3979 13.189
Nu(1,0.5) 8.4767 8.5495 8.6372 15.2154 15.3721 15.512
maxy(Nu(0, y∗)) 20.3164 20.2887 20.2704 46.7616 46.5065 46.379
miny(Nu(0, y∗)) 1.0677 1.0671 1.0677 1.4588 1.4545 1.454
maxy(Nu(1, y∗)) 15.6234 15.5446 15.5194 34.7010 34.5540 34.272
miny(Nu(1, y∗)) 0.7579 0.7578 0.7575 1.09358 1.0872 1.089
P/P0 0.924077 0.924745 0.924489 0.92170 0.92263 0.92264
Table 2
Comparison between steady-state quantities for dry air (constant thermophysi-
cal properties at T0 = 315 K, except density)

Initial conditions T0 = 315 K T0 = 350 K T0 = 280 K T0 = 315 K

Model Boussinesq compressible compressible compressible

ρm (kg m−3) 1.12 1.0086 1.26 1.12

P (N m−2)

at t = 0 101,325 101,325 101,325 101,325
at t = ∞ 101,325 91,393 113,197 100,941

qw (W m−2) 268.59 244.65 286.29 268.79
Nu 14.22 12.94 15.15 14.22
Ra 5.53 · 106 4.48 · 106 6.99 · 106 5.53 · 106

T (K) 315 316.49 313.60 314.59

perature difference between the vertical walls while different
initial conditions were applied. The geometry studied was a
square cavity (H = L = 0.1 m) with uniform hot and cold wall
temperatures of Th = 350 K and Tc = 280 K. The thermophys-
ical properties were assumed constant (dry air at a reference
temperature Tr = 315 K equal to the average (Tc + Th)/2),
except the density for compressible computations. The cav-
ity was initially filled with quiescent dry air at atmospheric
pressure (P(0) = 101,325 Pa). Three initial uniform fluid tem-
peratures were considered for the non-Boussinesq formulation:
T0 = 280 K, T0 = 315 K and T0 = 350 K. Obviously, mass
conservation implies constant volume average density for both
formulations. On the other hand, thermodynamic pressure P

and, thus volume averaged fluid temperature T = P/rρ may
increase or decrease between initial and steady states according
to the value of the initial fluid temperature when a compressible
approach is applied. The results reported in Table 2 show that
the compressible and Boussinesq computations yield almost
equal overall quantities provided that T0 = 315 K although
density distribution ρ(x, y) lies in the range [1.0086,1.26] for
the compressible solution. On the other hand, Table 2 clearly
shows that the steady-state solution is initial-temperature de-
pendent, despite the rather small temperature difference con-
sidered (70 K).

A grid refinement study and changes in the time step were
conducted in the case of transient thermosolutal convection
Fig. 2. Time-evolution of the mass of water vapor condensed for different com-
putational grids.

Table 3
Time step study: mass of water vapor condensed (g m−1) at various times dur-
ing the evolution of condensation

�t(s) 10−3 8 · 10−4 6 · 10−4 4 · 10−4 2 · 10−4

t = 10 s 1.244 1.256 1.260 1.271 1.273
t = 15 s 1.580 1.593 1.600 1.607 1.608
t = 20 s 1.796 1.818 1.821 1.824 1.827
t = 30 s 2.068 2.066 2.067 2.070 2.072

in a square cavity. Four different grid distributions have been
tested. Comparison of the evolution of the mass of water va-
por condensed at the walls displayed in Fig. 2 shows that the
solutions calculated on the four grids are very close. In view
of these results, a 100 × 100 non-uniform grid was adopted.
Time step was then varied to ensure that the transient evolution
was accurately predicted, especially at the beginning of con-
densation. The amount of mass of water vapor condensed at
different times are presented in Table 3 according to the time
step used. Comparisons of these results from �t = 2 · 10−4 s
and �t = 4 · 10−4 s show differences less than 0.5%. For that
reason, calculation were performed by using �t = 4 · 10−4 s. It
should be noted that the maximum value of the CFL number in
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Table 4
Thermodynamic properties of the mixture at t = 0 and at steady-state

T0 (K) φ0 t = 0 t = ∞ mcond

293 80% ρm = 1.1964 kg m−3 ρm = 1.1901 kg m−3 0.25 g m−1

Wv = 0.0115 Wv = 0.0063
P0 = 101,325 Pa P∞ = 96,029 Pa
Pv = 1861 Pa Pv = 990 Pa
mv = 0.55 g m−1 mv = 0.3 g m−1

350 50% ρm = 0.93 kg m−3 ρm = 0.809 kg m−3 4.84 g m−1

Wv = 0.138 Wv = 0.0095
P0 = 101,325 Pa P∞ = 65,156 Pa
Pv = 20,760 Pa Pv = 990 Pa
mv = 5.14 g m−1 mv = 0.3 g m−1

the flow field was CFL = 0.17 in that case and for a 100 × 100
non-uniform grid.

4. Results

4.1. Transient thermosolutal convection in a square cavity

A 0.2 m × 0.2 m square cavity initially filled with moist air
at atmospheric pressure, temperature T0 and relative humidity
φ0 was first investigated. At t > 0, the two vertical walls with
zero thickness (e = 0) were uniformly cooled at Tc = 280 K
while the horizontal walls were adiabatic. The wall tempera-
tures were such that water vapor started to condense at the two
vertical walls and then at the adiabatic walls. According to the
temperature difference T0 −Tc, a strong thermosolutal flow may
occur at early times and then becomes weaker to end in a purely
diffusive regime. Obviously, the steady state is a saturated mix-
ture in thermodynamic equilibrium at Tc with zero interfacial
mass transfer and 100% relative humidity everywhere.

Two sets of initial conditions were investigated: T0 = 293 K
and φ0 = 80%, T0 = 350 K and φ0 = 50%. The humid air
properties for these two combinations of T0 and φ0 are re-
ported in Table 4. For both initial conditions, thermal buoyancy
forces dominate mass buoyancy forces at the beginning of the
transient regime. The exact values of the mass of water va-
por condensed at the four walls at steady state (calculated from
the first thermodynamic principle) are mcond = 0.25 g m−1 and
mcond = 4.84 g m−1 for the first and second combinations of
T0 and φ0, respectively. These amounts of liquid water can
be compared to the mixture mass at initial conditions: mm 

48.86 g m−1 and mm 
 37.2 g m−1, respectively. The first case
could be solved quite accurately within the framework of the
Boussinesq approximation, unlike the second one due to the
temperature differences at the beginning of the transient evolu-
tion (�T = 80 K) and non-negligible loss of the mass of the
gas mixture.

Thermal convection dominates for T0 = 293 K and φ0 =
80% since RaT ,max/RaM,max 
 14 (the maximum effective
Rayleigh numbers being here based on the mixture properties at
T0 and on the differences in temperatures and mass fractions be-
tween the initial and steady-state conditions). For T0 = 350 K
and φ0 = 50%, RaT ,max/RaM,max 
 2.8 and the thermal and
solutal effects are of the same order of magnitude. A rough es-
Fig. 3. Time-evolution of the mass of water vapor condensed at one of the ver-
tical cold walls for both vertical walls at the same temperature and with zero
thickness (e = 0).

timate of the sum (RaT ,max +RaM,max) shows also that its value
lies between 106 and 107 at the early times. Therefore, the lam-
inar assumption holds.

The mass of water vapor condensed at the four walls at time t

was calculated from the following relationship:

mcond(t) =
∫
S

dmv,cond

dt

∣∣∣∣
w

dt =
t∫

0

∫
S

ρmDv,m

(Wv − 1)

∂Wv

∂n

∣∣∣∣
w

dS dt

(21)

where S is the total area of the four cavity surfaces. At steady
state (t → ∞ ), Eq. (21) must match the mass balance

mcond = (ρm,t=∞ − ρm,t=0)V (22)

Fig. 3 shows the time-evolutions of the mass of water vapor
condensed at one of the vertical walls for the two cases stud-
ied. Obviously, the length of the transient regime is higher for
T0 = 350 K and φ0 = 50%. The solutal effect becomes very
small when mcond reaches a plateau, i.e. t ≈ 30 s and t ≈ 60 s
for T0 = 293 K and T0 = 350 K, respectively. The values of
the mass condensed at the four walls match the thermodynamic
predictions within 0.1%. Fig. 3 indicates that most of water va-
por condenses at the cold vertical walls. In addition, since the
thermal and buoyancy forces act in the same direction, the mass
of water vapor condensed at the bottom adiabatic wall is lower
than at the top wall. The time-decrease in the mean mixture
pressure is plotted in Fig. 4: as expected, P tends towards the
thermodynamic values reported in Table 4. The mean density
follows similar variations since the mixture is assumed to be a
perfect gas at constant volume.

4.2. Conjugate transient thermosolutal convection in a square
cavity

The above configuration is not well appropriate for checking
the overall energy balance, at least from a computational point
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of view. Therefore, we considered then a more realistic problem
for which the cooled vertical sides of a 0.2 m × 0.2 m square
cavity were two identical walls of finite thickness e and thermal
conductivities ks . The walls were cooled from T0 to the ambi-
ent temperature T∞ with a uniform heat transfer coefficient at
the vertical outside surfaces, hcv . The initial mixture conditions
were for a fluid at rest uniformly at T0 = 350 K and φ0 = 50%.
The ambient temperature was kept at T∞ = 280 K. The thermo-
dynamic steady-state conditions and the mass of water vapor
condensed must be identical to those calculated in the above
section, whatever the values of hcv , e and ks are. The effect of
the overall thermal conductance of the vertical walls is thus to
modify the length of the transient regime, i.e the occurrences of
thermal and solutal convection within the cavity.

The computations were carried out for aluminium side
walls (ρs = 2719 kg m−3, Cps = 900 J kg−1 K−1, ks = 200
W m−1 K−1) and two thicknesses were considered: e = 1 mm
and e = 3 mm. The outside heat transfer coefficient was hcv =
25 W m−2 K−1. Therefore, the Biot number, Bi = hcve/ks was
much lower than Bi = 0.1 so that a lumped system analysis

Fig. 4. Time-decrease in the mean mixture pressure for both vertical walls at
the same temperature and with zero thickness (e = 0).
shows that the horizontal temperature gradients in the walls be-
come negligible within a short time following the initial state.

Fig. 5 shows the evolutions of the mass flow rate of water
vapor condensed at the inner surfaces for the two bounding
walls (S1 and S2 are for the vertical surfaces, S3 and S4 are
for the bottom and top adiabatic walls, respectively). Due to
the vertical symmetry of the problem about the center-plane
of the cavity, the mass flow rates at S1 and S2 are the same
while they are much lower at the adiabatic walls, especially
at S4 like for the configuration discussed above. Condensation
starts as soon as the interior wall temperatures fall below the
dew-point temperature (Tdp ≈ 330 K), and then the process in-
creases sharply up to a maximum value followed by a decrease
to a zero value corresponding to the thermodynamic equilib-
rium. As expected, the time interval from t = 0 to the beginning
of condensation at the vertical walls is very close to the one
given by the thermal time constant deduced from the lumped ca-
pacitance method (i.e. �t ≈ 30 s and �t ≈ 80 s for e = 1 mm
and e = 3 mm). Time integration of these curves leads to the
same value of mcond = 4.84 g m−1 as in the previous subsec-
tion. On the other hand, thermal convection starts immediately
due to the low value of the Biot numbers for the two wall thick-
nesses as it can be seen in Fig. 6 showing the transient variations
of the average heat flux densities at the walls.

At early times, the fluid motion is produced only by the tem-
perature differences between the hot fluid in the cavity core and
the cold fluid close to the vertical walls. The heat fluxes at the
cold walls increase thus as fast as the inner surface wall tem-
peratures decrease. When the lowest temperature at the vertical
walls becomes less than Tdp , sharp increases in the heat fluxes
are seen because of condensation. The changes in the slopes
of the curves at �t ≈ 27 s for e = 1 mm and at �t ≈ 81 s
for e = 3 mm indicate the beginning of condensation. On one
hand, the thermal effects decrease because condensation pro-
duces increases in inner surface wall temperatures. On the other
hand, solutal effects amplify according to the increase in solutal
Rayleigh number. The peak in heat flux corresponds thus to the
peak in condensation mass flow rate (Fig. 5). The length of the
transient regime for e = 3 mm is about two times higher than
Fig. 5. Time variations of the mass flux condensed along the wall surfaces S1, S3 and S4 for (a) e = 1 mm and (b) e = 3 mm.
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Fig. 6. Time variations of the averaged heat flux densities at S1, S3 and S4 for (a) e = 1 mm and (b) e = 3 mm.
Fig. 7. Time variations of the total, sensible and latent heat fluxes at S1 (ks =
200 W/m K, e = 1 mm).

that for e = 1 mm, and ṁcond at the peak in condensation rate
is significantly decreased.

Comparisons between the evolutions of the latent and sensi-
ble heat fluxes at one of the vertical cooled surface are shown
in Fig. 7. As it can be seen, condensation heat transfer largely
dominates over most of the transient regime. For larger times,
the sharp decrease in qw as a function of time corresponds
to a fast reduction in the mass of water vapor in the cavity.
When the mass fraction and temperature distributions approach
their asymptotic values, both heat and mass transfer are mainly
diffusive and the time required to reach the full steady state con-
ditions is rather important, especially for the thickest wall. Plots
of the time-variation of the mean temperatures of the cold sur-
faces show indeed that they are only T w = 282 K at t ≈ 400 s
for the e = 1 mm thick wall.

The temperature and mass fraction distributions together
with the streamlines are displayed in Fig. 8 for various typical
times. The perfect symmetry of the flow fields about the verti-
cal middle plane are evidenced during the transient regime. At
t = 20 s, the mass fraction is uniform and pure thermal con-
vection leads to a vertical temperature stratification within the
cavity core with the lowest temperatures along the bottom wall.
At t = 50 s, solutal convection dominates (see Fig. 7) and the
changes in the shapes of the isotherms and streamlines are the
result of thermosolutal convection. At t = 300 s, the mass frac-
tion of water vapor has been reduced by an order of magnitude
and tends towards the uniform steady-state value Wv = 0.0095
(Table 4). At larger times, the fluid motion is thermally driven,
as at early times. The following energy balance must then be
satisfied between the initial and steady states:

�Etotal = �Econd + �Ewalls + �Emixture (23)

The left-hand side term in Eq. (23) stands for the amount of
heat transferred to the ambient throughout the entire time evo-
lution. The first term of the right-hand side in Eq. (23) is for
energy due to condensation, the second and third terms account
for the decreases in internal energy of the solid walls and ideal
gas mixture. Since the mass of dry air is constant and by as-
suming temperature-independent properties of the solid walls,
Eq. (23) can be rewritten as:⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

2
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T

(
Cp,v − R

Mv

)
dT

]

(24)

Approximate hand-calculations of the decrease in internal en-
ergy of the gas mixture based on Eq. (24) are given in Ap-
pendix A. These calculations were conducted by assuming a
constant value of the latent heat and a linear variation with tem-
perature of the vapor pressure between the initial and steady
states. The thermodynamic vapor pressure data displayed in
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Fig. 8. Isotherms, isolines of mass fraction and streamlines for e = 1 mm.

Table 5
Comparisons between computed internal energy loss (�Ecomputed) and thermodynamic approximate calculations (�Etotal based on Eq. (24))

e

(mm)
mcond
(g m−1)

�E
(1)
computed

(J)
�Ewalls
(J)

�Emixture
(J)

�Econd
(J)

�E
(2)
total

(J)

(1)−(2)
(2)

1 4.86 81,548 68,519 1834 11,688 82,041 0.60%
3 4.86 218,622 205,554 1834 11,688 219,076 0.21%
Table 4 and the temperature variations of Cp,a and Cp,v re-
ported in Appendix A were used. Comparisons between these
approximate calculations and time-integration of the heat flux
balance given by Eq. (18) are reported in Table 5. As can be
seen, the agreement is satisfied within less than 0.6%. The nu-
merical computations show that contribution of phase change
dominates largely over those due to heat diffusion and species
interdiffusion (first and second terms in the right-hand side of
Eq. (18)).

Further insight into the effect of species interdiffusion was
gained by comparing the results with those obtained by ne-
glecting interdiffusion since rather large variations in the Lewis
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Fig. 9. Variation of the mass flow rate of water vapor condensed at the cold
surface according to the initial relative humidity in the differentially heated
cavity.

number could occur between the initial and steady states ac-
cording to the initial relative humidity. The comparisons of time
heat flux evolutions at the inner wall-surfaces showed negli-
gibly small differences for the cases investigated because the
mixtures were largely composed of dry air. In addition, the mix-
ture internal energy losses by sensible and latent heat differ by
less than one percent when the effect of species interdiffusion
is accounted for. In conclusion, it can be assumed that the inter-
diffusion contribution is small.

4.3. Thermosolutal convection in a differentially heated cavity

Transient thermosolutal convection of humid air within a
square cavity having a hot wall at uniform temperature Th =
350 K and a bounding wall of finite thickness suddenly put
in contact with a cold ambience at T∞ = 280 K is consid-
ered in this section. The initial conditions were for humid air
at rest (T0 = Th = 350 K). All of the computations were for a
0.1 m-width cavity bounded by a 10−3 m glass sheet (ρs =
2500 kg m−3, Cps = 1000 J kg−1 K−1, ks = 1 W m−1 K−1).
The problem parameters are thus the initial relative humidity φ0
and the external heat transfer coefficient hcv .

First, the external heat transfer coefficient was maintained
at hcv = 5 W m−2 K−1 while the initial relative humidity was
varying between φ0 = 25% and 80%. Second, the heat transfer
coefficient was increased up to hcv = 30 W m−2 K−1 while the
initial relative humidity was kept at φ0 = 80%.

4.3.1. Effects of the initial relative humidity
Figs. 9 and 10 show the time-variations of the water vapor

mass flux rates and mass condensed at the cold inner surface as
a function of time according to various values of the initial rel-
ative humidity. Obviously, condensation occurs as soon as the
temperature at the coolest part of the inner surface of the bound-
ing wall falls below the dew-point temperature. Therefore, the
elapsed time at which the fluid motion is only due to thermal
convection extends over a period inversely proportional to the
Fig. 10. Variation of the mass of water vapor condensed at the cold surface for
various initial relative humidities in the differentially heated cavity.

Fig. 11. Temperature distributions at the cold surface in the presence of con-
densation for various φ0.

value of the initial relative humidity: it increases from about
41 s to about 310 s in the range of φ0 considered. The transient
variation of the water–vapor mass condensed depends strongly
on φ0, as it is clearly shown in Figs. 9 and 10.

Temperature distributions along the cooled inner surface are
shown in Fig. 11 at time-values corresponding to the beginning
of condensation for the various initial relative humidities. For
the highest initial relative humidity, condensation occurs while
the temperature of the cooled surface is almost uniform. On the
other hand, a noticeable thermal vertical gradient exists when
condensation starts from φ0 = 25%. These temperature distri-
butions reveal that a significant thermal convective flow exists
at the beginning of condensation for the smallest values of φ0

while it starts from a purely diffusive regime at the highest val-
ues. It can be thus concluded that the cold surface is almost
uniformly wet at the beginning of condensation for φ0 = 80%
while it is bottom wet for φ0 = 25%. This conclusion can be
deduced from the values of the dew-point temperature (Tdp) re-
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ported in Fig. 11. Time variations of the averaged temperature
of the cold surface displayed in Fig. 12 show higher temper-
atures with increases in φ0 for about �t = 700 s while the
opposite is observed for t larger than ≈ 700 s. The explanation
lies in the large heat flux associated with condensation. As it
was emphasized previously, the phase change effects dominate
when a significant mass flow rate of water vapor condensates
and, then decrease after the condensation peak (Fig. 13). In
the case φ0 = 80%, the thermal effects are predominant when

Fig. 12. Time variation of the averaged temperature of the cold surface accord-
ing to φ0.

Fig. 13. Comparison between the latent and sensible heat fluxes for φ0 = 80%.
t � 400 s because the mass fraction of water vapor becomes less
than 0.1. The effective thermal Rayleigh number, RaT , based
on the temperature difference (Th − T w(t)) and volume aver-
aged thermophysical properties of the mixture, is larger for the
small φ0-values. Therefore, thermal convection at steady-state
is all the more significant since the initial relative humidity is
low.

This result is supported by the values of transient thermal
and solutal Rayleigh numbers reported in Table 6 for the cases
investigated. In Table 6, tc denotes the time at which condensa-
tion starts to occur (see Fig. 10). At tc, the thermal Rayleigh
number is much higher for φ0 = 25% than for φ0 = 80%,
mainly because of the larger temperature differences between
the hot and cold walls. At t = 2000 s (i.e. steady state), the dif-
ferences in RaT reflects chiefly the effect of decrease in mixture
density since the other thermophysical properties are almost in-
dependent of φ0. The solutal Rayleigh numbers are of two or
three orders of magnitude smaller than the thermal Rayleigh
numbers during the transient regime. Invoking the Boussinesq
approximation and ideal gas equation of state, the buoyancy pa-
rameter, N = RaM/RaT , based on average properties is always
positive during the transient regime (solutal and thermal buoy-
ancy forces are augmenting) but decreases from the onset of
condensation (i.e. t = tc in Table 6) to steady state. For exam-
ple, N decreases from 0.036 at t = tc to 6.0 · 10−4 at steady
state for φ0 = 80%. Obviously, the importance of solutal force
is more important for large initial relative humidity. It can be
thus concluded that convection is thermally driven for all of the
cases considered.

The computations were carried out by using a compress-
ible flow model. To justify this mathematical formulation, it is
therefore relevant to examine the time-changes in averaged den-
sity or thermodynamic pressure. Since the mixture is assumed
to be a perfect gas at constant volume, evolutions of density
and pressure are almost similar. Due to space limitations, the
density changes for the various φ0 considered is plotted only
(Fig. 14). The reference curve is that for dry air (φ0 = 0%) for
which the Boussinesq model is almost valid on account of the
possible maximal temperature difference (Th − T∞ = 70 K):
the density is constant while the decrease in thermodynamic
pressure follows the decrease in averaged volume temperature
of the mixture. Each of the density curves exhibits a plateau
at early times. It means that condensation has not started. The
time lengths of the plateau are those reported in Fig. 10. The de-
creases in density are larger for higher φ0 and the steady-state
values are smaller. Since the steady-state volume averaged tem-
perature of the mixture depends weakly on φ0 for a given hcv ,
Table 6
Thermal and solutal Rayleigh numbers based on volume averaged properties at various times and, maximum value of the buoyancy parameter (tc denotes the time
(s) for the onset of condensation as shown in Figs. 10 and 11)

φ0 (%) RaT RaM Nmax

tc t = 400 s t = 2000 s tc t = 400 s t = 2000 s

25 1.509 · 106 1.682 · 106 2.123 · 106 1.061 · 103 3.144 · 103 9.685 · 102 0.7 · 10−3

50 8.750 · 105 1.348 · 106 1.797 · 106 1.072 · 103 6.469 · 103 7.929 · 102 1.2 · 10−3

65 5.694 · 105 1.138 · 106 1.557 · 106 1.085 · 103 9.516 · 103 6.755 · 102 1.9 · 10−3

80 3.018 · 105 9.540 · 105 1.340 · 106 1.103 · 104 1.271 · 104 5.726 · 102 3.6 · 10−2
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the final thermodynamic pressure can be easily calculated: P ∞
decreases almost at the same rate as ρm∞ as it can be seen from
the initial and steady-state volume-averaged quantities reported
in Table 7.

Fig. 15 illustrates the differences between transient flow
fields for dry air and for humid air in the case φ0 = 80%.
The isotherms and isolines of relative humidity have similar
shapes, especially over the regions of almost uniform Wv since
hot air contains larger mass fractions of water vapor than cold
air. On the other hand, relative humidity exhibits the lowest
values along the hot wall and reaches 100% at the cold wall
and in the bottom cold part of the cavity. Owing to the vari-
ations of properties with temperature and mass fraction, the
isothermal patterns and streamlines do not verify the classi-
cal centrosymmetry property, even at early times for which the
cold wall temperature is nearly uniform. The transient increase
in the maximum value of streamfunction indicates augmenta-
tion in circulation caused by larger temperature gradients. At
steady state, the buoyancy force due to solutal gradients is neg-
ligible as compared to the thermal body force over most of
the cavity cross-section. The thermal boundary layer along the
cold wall is much thicker than the solutal boundary layer and
the two body forces are augmenting. The mixture density is
indeed continuously increasing from the top to the bottom of
the cold wall owing to decreases in temperature and increases
in mass fraction of water vapor within the thermal boundary
layer.

Cold surface temperature distributions for dry air and for the
case φ0 = 80% are shown in Fig. 16 at various times following

Fig. 14. Time variation of the volume averaged density for various φ0.
the occurrence of condensation. At t = 100 s and t = 300 s, the
temperatures corresponding to humid air are higher and more
uniform since the latent heat flux predominates (see Fig. 13),
although the thermal Rayleigh number is about two times larger
for dry air. Reduction with time of the amount of water vapor
present in the cavity and decrease in the cold wall tempera-
ture render then the thermal body force dominant, especially
along the top part of the cold wall where condensation rate de-
creases more quickly. As a result, the temperature distribution
for dry air at t = 1200 s shows an increase in vertical tempera-
ture gradient with higher top wall temperature due to the larger
circulation rate as compared with humid air.

4.3.2. Effects of the external heat transfer coefficient
All the computations were carried out for a cavity initially

filled with hot humid air at uniform temperature T0 = Th =
350 K and relative humidity φ0 = 80%. Water vapor and mix-
ture masses were mv0 = 2.08 g m−1 and mm0 = 8.83 g m−1

at t = 0, respectively. The external heat transfer coefficient
was varied from hcv = 5 W m−2 K−1 to hcv = 30 W m−2 K−1.
Larger values of hcv yield an almost uniform cold wall tem-
perature of T∞ = 280 K. On account of the thickness and ther-
mal conductivity of the bounding wall, the Biot number based
on hcv was Bi = 10−3hcv . Obviously, the vertical temperature
gradient along the cold surface was highest for the smallest
value of hcv .

Increases in the external heat transfer coefficient lead to de-
creases in the wall temperature and duration of the transient
regime from about 2000 s to about 300 s for the range of hcv

considered. Consequently, the mass of water vapor condensed
increases while the mixture density, average pressure and tem-
perature are significantly reduced at steady state as it can be
deduced from the data reported in Table 8. It can also read-
ily shown that the average pressure (or thermodynamic pres-
sure) agrees well with the state equation, as expected when the
problem formulation is based on a low-Mach number formu-
lation. The isocontours displayed in Fig. 17 (and Fig. 15 for
hcv = 5 W m−2 K−1) do not show noticeable changes in the
flow structure at steady-state. The explanation is that the ther-
mal Rayleigh numbers are almost identical. Finally, in the range
of hcv considered, the most significant effect of hcv is to pro-
duce a decrease in the time required to reach the steady-state
regime at which water vapor mass fraction and relative hu-
midity are the most different field variables according to the
hcv-value.
Table 7
Mass quantities and thermodynamic pressure (subscripts: 0 at t = 0, ∞ at steady-state)

φ0
(%)

mv0

(g m−1)

mm0

(g m−1)

Wv0 Wv∞ mcond
(g m−1)

ρm∞
(kg m−3)

P ∞
(Pa)

25 0.65 9.69 0.067 0.027 0.40 0.927 8.88 · 104

50 1.30 9.30 0.138 0.039 0.97 0.834 8.10 · 104

65 1.69 9.06 0.185 0.040 1.38 0.768 7.47 · 104

80 2.08 8.83 0.235 0.042 1.78 0.706 6.83 · 104
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Fig. 15. Isotherms, streamlines, isolines of water vapor mass fraction and relative humidity at different times (dashed lines are for dry air) in the differentially heated
cavity.
Fig. 16. Comparisons of the temperature distributions along the cold surface for
dry air and humid air at various times.

5. Conclusions

A numerical study has been carried out to investigate buoy-
ancy with induced heat and mass transfer of humid air in enclo-
sures bounded by a wall of finite thickness in contact with a cold
reservoir. The phase change problem formulation was based
on the thin-film approximation and the flow of the liquid film
was neglected. It has been shown that the usual incompressible-
Boussinesq approximation is not relevant to handle the coupling
of thermal and solutal forces. The transient effect associated
with initial relative humidity on the heat and mass transfer was
examined in detail for various boundary conditions. A brief
summary of the major results is as follows:

1. When the Boussinesq approximation is not invoked, the
steady-state regime depends on the initial conditions used,
even for dry air and rather small temperature difference
between the walls. Boussinesq and low Mach number solu-
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Table 8
Effects of the external heat transfer coefficient hcv on steady-state quantities

hcv

(W m−2 K−1)

Wv∞ mcond (g m−1)

cooled surface
mcondt

(g m−1)

inner surfaces
ρm∞
(kg m−3)

P ∞
(Pa)

T ∞
(K)

5 0.042 1.76 1.78 0.706 6.83 · 105 327
10 0.027 1.87 1.88 0.695 6.53 · 105 322
20 0.017 1.95 1.96 0.687 6.36 · 105 319
30 0.013 1.98 1.99 0.683 6.28 · 104 318

2 2
Fig. 17. Isotherms, streamlines, isolines of water vapor mass fraction and relative humidity at steady state for (a) hcv = 10 W/m K and (b) hcv = 30 W/m K.
tions are close if the fluid is initially at uniform temperature
to be the average of the wall temperatures.

2. High decreases in average pressure predicted by usual ther-
modynamic calculations are well recovered through tran-
sient resolutions of the flow, heat and mass conservation
equations. The calculations allow well-based predictions of
the evolutions shown in the heat and mass transfer regimes
for condensation in a cavity initially filled with moist air
and suddenly cooled at both vertical walls.

3. At the cold walls, the heat transfer regime consists gener-
ally of three periods: thermal, solutal and finally thermal-
dominated heat transfer.

4. At the beginning of the transient regime in a differentially
heated cavity, the temperatures of the wall of finite thick-
ness in contact with a cold ambiance increase when surface
condensation is accounted for.

5. On the other hand, when water vapor contained in the mix-
ture is initially in sufficient amount, the decrease in fluid
density compared to that for dry air leads to lower temper-
atures of the cooled wall of finite thickness at steady state,
owing to decreases in thermal Rayleigh number.

Appendix A. Evaluation of thermophysical properties and
internal energy change of humid air

We introduced in the computational code the properties of
the components and those of the mixture given by Fujii et
al. [18] (see also Yin et al. [7]).
The variations with temperature of the specific heat of the
components were determined by the following relationships:

• Dry air:

Cp,a = 103 + 2.5 · 10−7T 3 (J kg−1 K−1) (A.1)

• Water vapor:

Cp,v = 1.863 · 103 + 1.65 · 10−3(T − 273.16)2,5

+ 1.2 · 10−18(T − 273.16)8,5 (J kg−1 K−1) (A.2)

• Latent heat of condensation (J kg−1) [22]:

hlv = 2.5009 · 103

(
7.7922 · 10−1T

1/3
c + 4.6266T

5/6
c

− 1.0793T
7/8
c +

i=6∑
i=1

SiT
i
c

)
(A.3)

with Tc = 647.3−T
647.3 (T in K) and

S1 = 0; S2 = −3.87446; S3 = 2.94553;
S4 = −8.06395; S5 = 11.5633; S6 = −6.02884

Between T = 280 K et T = 350 K, the change in latent heat
of condensation ranges over 2316 · 103 J kg−1 � hlv � 2485 ·
103 J kg−1 (mean value hlv = 2400 · 103 J kg−1). The decrease
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in the internal energy for an ideal mixture of diatomic gases as
reported in Table 4 was calculated as:

�Emixture =
T∞∫

T0

maCv,a dT +
T∞∫

T0

mvCv,v dT (A.4)

Since dry air is incondensable, ma is constant. Therefore

maCv,a = ma

(
Cp − R

Ma

)
(A.5)

and

mvCv,v = mv

(
Cp − R

Mv

)
= V PvMv

RT

(
Cp − R

Mv

)
(A.6)

where Ma = 28.966 g/mol, Mv = 18 g/mol.
An approximate expression of the sum (�Emixture +�Econd)

shown in Eq. (23) was obtained by assuming first that the
enthalpy of condensation was equal to its mean value hlv =
2400 ·103 J kg−1 and, secondly that the partial pressure of water
vapor was linearly varying between initial and steady states. Pv

varying from 20,760 Pa at T0 = 350 K to 990 Pa at Tc = 280 K
(see Table 3), the linear relationship Pv = 282.4T − 78082 was
used. Therefore

�Emixture + �Econd

= mcondhlv +
[
ma

Ta∫
T0

(
Cp,a − R

Ma

)
dT

+ V Mv

R

Ta∫
T0

Pv

T

(
Cp,v − R

Mv

)
dT

]
(A.7)

By using Eqs. (A.1) and (A.2), the last two terms may be rewrit-
ten as

ma

Ta∫
T0

(
Cp,a − R

Ma

)
dT

= ma

Ta∫
T0

(
(1 + 2.5 · 10−10T 3)103 − R

Ma

)
dT

and

V Mv

R

Ta∫
T0

Pv

T

(
Cp,v − R

Mv

)
dT

= V Mv

R

Ta∫
T0

(
282.4 − 78082

T

)(
Cp,v − R

Mv

)
dT

The result is �Emixture = 1542 + 292 = 1834 J/m for a square
cavity of dimensions 0.2 m × 0.2 m.
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